We invoke an efficient search algorithms as a key challenge in multi-qubit quantum systems. An original algorithm called dynamical quantum search algorithm from which Grover algorithm is obtained at a specified time is presented. This algorithm is distinguished by accuracy in obtaining high probability of finding any marked state in a shorter time than Grover algorithm time. The algorithm performance can be improved with respect to the different values of the controlled phase. A new technique is used to generate the dynamical quantum gates in the presence of dissipation effect that helps in implementing the current algorithm.
Introduction
In the early 1996s, Grover search algorithm (GA) has attracted much interest, since it could work in quantum computer. The quantum search, from computational point of view, is proved to get approximately O( √ N ) operations (in comparison with the O(N ) classical operations), which indicates a quadratic speedup [1, 2] . Many efforts have been devoted to achievement of this algorithm theoretically and experimentally by using superconducting qubits [3] , trapped ions [4] , atom cavity QED systems [5, 6] and nuclear magnetic resonance [7] . Also, most previous studies for improving the quantum GA were general and do not depend on a physical system. Further, all previous implementations of quantum GA have been developed depending on Grover visualizations, where the control phase parameter for the controlled phase gates or oracle is switched to π or π 3 [2, 8] . However, an interesting work by Long et al [9] has replaced the Grover's arbitrary phase by π 2
. The combination of strong resonant interactions with tight subwavelength traps gives an excellent opportunity to implement much faster quantum gates. However, there is no way to achieve single site addressability in those systems. Existing proposals circumventing this problem [2, 8] do not consider an arbitrary controlled phase parameter or dispassion effect, as the interaction need not to be restricted by certain values of the phase control.
In this article, we propose to add new factors allowing for significant speedup. By combining a multi-qubit system with dissipation taking into account an arbitrary phase control, we can achieve a fast search in a realistic setting. We assume that the control phase is time-dependent to realize the dynamical quantum controlled phase gates. It is shown that the involved time Figure 1 : Schematic diagram of quantum dots ensemble. A single surface plasmon injected from outside is coherently scattered by the dots. Our interest is to consider all the possible interactions between any arbitrary pair or more inside the sample. The dissipation effect resulted from the direct contact between the qubits and the plasmone surface.
is the crucial factor for controlling and searching of any marked state regardless the number of qubits. Consequently, we define a new algorithm called a dynamical quantum search algorithm (DQSA). The proposed algorithm is a generalization of Grover algorithm and (i) gives a higher probability of finding any marked state in shorter time, (ii) there is no restriction on the controlled phase parameter and (iii) the presence of qubits dissipation is allowed.
Quantum Search Algorithm with Dissipation
The effect of a thermal bath has been used to improve the performance of a quantum adiabatic search algorithm [10] . Vega et al [11] compared the effects of the field dissipation on the algorithm performance with those of a structured environment similar to the one encountered in systems coupled to an electromagnetic field that exists within a photonic crystal. They show that, the algorithm performance has been improved by tuning the environment parameters to certain regimes [12] . We consider the problem with a different perspective, where the algorithm may be implemented within a system taking into account the qubit dissipation. Here, we consider a dense multi-qubit system sample interacting with a single surface plasmon injected from outside. In this case, we consider all the possible interactions between any arbitrary pair or more inside the sample (see Fig.1 ). The direct contact between the qubits and the plasmone surface yields dissipation effects. As a consequence, we assume that the dipole-dipole interaction potential is nonidentical for all qubits. Other appropriate systems could be superconducting qubits [13, 14] or double quantum dot excitonic systems [15] . Such a model can be written as followsĤ
where S = {s 1 , s 2 , ..., s n } refer to the labels of the qubits, N is the number of qubits, γ u are the dissipation rates of different qubits, J s 1 ,..., J sn are the energies biases, λ is the coupling constant and J s 1 s 2 , J s 1 s 2 s 3 , J s 1 s 2 s 3 s 4 , ..., J s 1 ...sn are the interaction energies between two qubits or more. In the proposed model, the interaction energy between qubits is set to provide the maximum ferromagnetic coupling. Here, we consider the number of qubits is N = 9 and S = {s 1 , s 2 , ..., s 9 }. To realize the dynamics of the controlled phase gates for different qubits, we write, for simplicity, that the sub-indexes s 1 ≡ s, s 2 ≡ j, s 3 ≡ k and s 4 ≡ l, s 5 ≡ m, s 6 ≡ n and so on. First, we use the case of N = 2 and S = {s 1 , s 2 }. Hence, the time evolution of system (1) in these cases is given byÛ 2 (t). Therefore, we can realize a two-qubit dynamical controlled phase gates in the presence of qubits dissipation in the following context.
• If J 1 = J 2 = ±(J 11 + J 22 ) and J 12 = J 21 = ± 1 2 J 2 , w 1 = ±a 1 , w 2 = ±a 2 , w 3 = ±a 3 and w 4 = ∓a 4 , one obtainŝ U 4 (t) →P eggg (t; γ 1 , ..., γ 4 ) andÛ 4 (t) →P geee (t; γ 1 , ..., γ 4 ).
In the above notations (First, Second and Third) the top sign is used to realize the first part while the lower sign is used to realize the second part.
Using the same technique, one realizes the dynamical controlled phase gates in the presence of the dissipation for the case of N = 5, 6, 7, 8 and 9. The calculations of the dynamics gates when N = 5, 6, 7, 8 and 9 lengthy and are not presented here. But we present some results of application of these dynamic controlled phase gates for different qubits in calculating the probabilities of marked and un-marked states in the presence of dissipation, see appendix. If γ i = 0, i = 1, 2, ..., 9, one obtains the ideal dynamical controlled phase gates. The dynamical conditional phase gates for N qubits is governed by a dynamical control parameter phase
The parameter θ N for different qubits is given by:
For an individual qubit and based on the available experimental data as given in [16, 17] , we assume that the value of λJ s = θ N (s = 1, 2, 3, ..., N ) to realize one qubit gate in the presence of dissipation. Now, one can realize a one-qubit gateŴ (γ s ) in the following context. The time evolution of system underĤ s = −λJ sσ s z is given byV s 1 (t), and the time evolution of system underĤ s = exp(iπσ
with 4ξ s = 16θ 2 N − γ 2 s . The current algorithm has two registers, the N qubits in the first register and one qubit in the second register. Therefore, the proposed system contains N +1 qubits. Initialize an N +1 qubits system to the state |g 1 , g 2 , ..., g N |e N +1 , where the state in the second register refers to the excited state of an auxiliary working qubit. Now, we implement the dynamical quantum search algorithm in the presence of dissipation as follows: PerformingŴ ⊗N (γ 1 , γ 2 , ..., γ N ) on the first register and performingŴ (γ N +1 ) on the second register. Then, we apply the dynamical controlled phase gatesP x (t; γ 1 , ..., γ N ) on the first register where x ∈ Λ and Λ = {g 1 g 2 ...
.., e 1 e 2 ...e N −1 g N , e 1 e 2 ...e N −1 e N } and applyŴ −1 (γ N +1 ) on the second register. Consequently, it is to observe the state of Λ which has been stored in the data qubits before applying the dynamical controlled phase gates or oracles. Also, we note that after applying this step the dynamical controlled phase gates have effects only on the states to be searched in the first register and the state of the second register does not change. So, we can omit the auxiliary working qubit or one can discard the state of the second register at this point via normalization of this state. Finally, we apply a new dynamical diffusion transform matrix,
, on the first register and measure the resulting state. Consequently, the final formula of the dissipation DQSA is given by: (4) where N − 1 is the number of iterations. In the absence of dissipation, the matrix elements of D, at any time, are
N ) while all diagonal elements D ii are equal. Also, in the presence of qubits dissipation rates, whether similar or different values, the matrix elements at any time are D ij = D ji for i = j while all diagonal elements D ii are often close to each others. Now, we give the probabilities definitions of finding any marked state ρ r 1 r 2 ...r N and finding unmarked states (or remaining states) j 1 j 2 ...j N . The probabilities are exactly calculated in the presence of different values of dissipation rates and different N , where both of r 1 r 2 ...r N and j 1 j 2 ...j N are one subset of the set Λ. The probabilities ρ r 1 r 2 ...r N and j 1 j 2 ...j N are give by:
where
. 
Discussion
In Table 1 : A comparison of the time (t p ) of the present algorithm and Grover time (t G ) for finding higher probability (Pr.) of any marked state of different qubits in the case of γ i = 0, i = 1, 2, ..., 9.
but the time needed in our case, t p , is shorter than the Grover time, t G , (say, t p = 0.9425π /4λθ 2 and t G = π /4λθ 2 ). This means that the efficiency of our algorithm is higher than the efficiency of GA. Once we increase the number of involved qubits, we see that a significant difference between OA and GA, is seen. The probability of finding any marked state using 3 qubits, 4 qubits and 5 qubits in OA is 100% while the corresponding case using GA does not exceed 94.53% for 3 qubits, 96.13% for 4 qubits and 99.92% for 5 qubits. Moreover, the times needed of finding any marked state are shorter than Grover times. This is an interesting advantage of the proposed algorithm since the sensitivity is much higher than the Grover sensitivity to the number of qubits. Also, we can say that using OA, exact observation is clearly obtained even whether the number of involved qubits gets higher (say 5) and one still have 100% probability of finding any marked states. When we consider the number of qubits is greater than or equal 6, it is shown that the same probability of finding any marked state is obtained using OA and GA, but the time needed to obtain such probability is shorter in our case, which is still gives OA an advantage. It is interesting to observe here that as the number of qubits is increased the probability find any desired state still coincide using OA while in Grover case there does not coincide, where from 1 − 6 qubits the results do not coincide with the fact that increasing the number of qubits leads to decreasing the probability. Moreover, as the number is increased further, GA shows the logic behavior. In these calculations, we expect that our results (times and probabilities) are almost the same as GA for the large number of qubits (say, N > 12). The reason of such agreement between our results and Grover results is that when N is increased the time for finding the highest probability of any marked state is increased to reach almost π 2 13 λθ 13 for finding the probability of any marked state when N = 13. After that, one obtains the highest probability for finding any desired states for the different qubits at times π 2 r λθr (r = 13, 14, ..., N ) , this case is compatible with Grover case. This observation shows that using the dynamical quantum search algorithm has some advantage, where GA is obtained as a special case from the proposed general algorithm.
In Fig.2 we plot the probabilities of finding any marked or unmarked states as a function of dynamical phase β N (t)/π, N = 2, 3, ..., 9, in the absence of dissipation. It is shown that for 2, 3, 4 and 5 qubits, see Fig.2a and Fig.2b , the probabilities of marked states reach one at several points rather than Grover observation, where GA shows the maximum probability at β N (t) = π only. In 3 qubits and 4 qubits cases, we find that the behavior of curves peaks are between the two maxima there is a local minimum. While 2 and 5 qubits cases the maximum stays longer as a function of the phase, which means that the long lived maximum probability is obtained for 2 and 5 qubits compared with 3 and 4 qubits cases where the maximum stays for a short period. This observation is no longer existing once the number of qubits is increased (say ≥ 6), where the maxima probability always less than one, see Fig.2c and Fig.2d . Also, the unmarked states are observed for the low number of qubits and reach the maximum of 25% for 2 qubits case, while this value is decreased once the number of qubits is increased. This phenomenon becomes more pronounced once the number of qubits exceeds 6 after this number of qubits the probabilities are very close to zero. From our further calculations (which are not presented here), the probabilities of unmarked states vanish completely when the number of qubits is greater than 20 qubits. In Fig.3 , we display the behavior of the dynamical search of the probabilities of marked states ρ egee and ρ geege with the same dissipation rates. In the absence of dissipation, see Fig.2b and table (1), the probabilities of the current marked states or any other marked states at times t p = 0.04333π /λθ 4 for 4 qubits and t p = 0.027065π /λθ 5 for 5 qubits are 100% and the probabilities of un-marked states are zero. It is shown that when times are decreased from these values, the probabilities values of finding any marked states are less than 100% and decrease more and more according to the decreasing times. With these time decreases, the probabilities of finding any marked states are decreased and this decreasing is added to the un-marked states probabilities. This means that the revivals for the probabilities of un-marked states when the time is decreased more and more to become larger when the time is close to zero. However, when the time reaches zero, the probabilities of any marked or un-marked states are 6.25% and 3.125% for 4 and 5 qubits, respectively. This means that both marked and un-marked states have the same chance to contribute. In the presence of weak dissipation rate, one sees that the probabilities of current marked states in Fig.3a 
desired state are sometimes increased or decreased to each other and one can not distinguish between the probability of any marked and un-marked states at any time. However, it is difficult to observe the probability of any marked state for any qubit at large dissipation rates, where small values of the probability of marked state is shown. Which means that both marked and un-marked states have the same chance to contribute. Also, we display the behavior of the probabilities of current marked states in Fig.3c and Fig.3d for different values of qubits dissipation rates with time t p = 0.02813π /λθ 4 for 4 qubits and t p = 0.027065π /λθ 5 for 5 qubits. In the absence of dissipation the probabilities of any marked state for 4 qubits and 5 qubits at these values of times start from 0.8332 and from 1, respectively. When a weak value of qubits-dissipation is considered, one finds that the probabilities of the current states in Fig.3c and Fig.3d and any other marked states for 4 and 5 qubits are gradually decreased. The values of any desired states for 4 and 5 qubits in weak dissipation are often close to each other. It is shown that for strong dissipation, the probabilities of any marked states for 4 and 5 qubits are decreased further, while one can not distinguish between different probabilities of some un-marked states. It is interesting to mention here that the observation of any desired state will be more difficult when dissipation rate is equal to γ 3 = γ 4 = λθ 4 for 4 qubits and γ 2 = γ 5 = λθ 5 for 5 qubits or more than that, where there is some probabilities of un-marked states are larger than marked state. This means that both marked and un-marked states have the same chance to contribute.
However, the behavior of the probability of finding any remaining marked state for any different number of N in the dissipation presence, is similar to the previous behavior, see Fig.4 . It is shown that, the time is a main factor in the appearance of different probabilities of marked states using different number of qubits. Therefore, the probabilities for the remaining marked states (3 states for 2 qubits, 7 states for 3 qubits, 14 states for 4 qubits, 29 states for 5 qubits and 63 states for 6 qubits) have the same behavior as in the figures displayed in the above. In Fig.5 , we plot DQSA for the probabilities ρ eeeee and ρ ggggg when the dissipation rates is considered. It is shown that the probabilities ρ ggggg and ρ eeeee are gradually decreased once dissipation rate takes small values, and the values of ρ eeeee are less than the values of ρ ggggg at any time. Also, one observes that the probability ρ ggggg is shown as larger values compared with the probability ρ eeeee which shows small values once dissipation rate γ/λθ 5 is increased. Therefore, we can distinguish the probability ρ gg...g for multi qubits at any time once dissipation rate is decreased or increased (or varied). Now, we give a short discussion to observe un-marked states in the presence of dissipation rates either similar or different. The probabilities of un-desired states for weak dissipation are distinguished by a very small values and non-zero compared with the absence of dissipation. While for strong dissipation, the probability of the desired state is becoming less and is decreased due to the influence of strong dissipation and some of this decrease is added to the un-desired states. On the other hand, the results of finding any marked and un-marked states, in table (1) are completely in agreement with the results shown in Fig.3 and Fig.4 , under the same conditions.
Conclusions
We have demonstrated on-demand generation of dynamic multi-qubit quantum search algorithm, which can be maintained for multi-qubit system. The algorithm we have demonstrated, gives favorable performance for multi-qubit (up to 9 qubits) and would survive even in the presence of the qubit dissipation. We have focused our attention on the probabilities of the first 9 qubits and have obtained that their optimal values come either to diagonalizing or to symmetrizing probabilities, that implies analytical formula for its calculation. Comparing these results with Grover algorithm analysis allows to give a similar result when the number of involved qubits get much larger, and is an example of a prefect observation which is suitable for a particular purpose, e.g., for the time dependent interaction and dissipation processes. The long life time of this multi-qubit algorithm is due to a high symmetry of the generated forms. We have used different values of the controlled phase to improve the suggested algorithm performance. A new technique is used to generate the dynamical quantum gates that helps in implementing the current algorithm. The multi-qubit character of the interaction used for the creation of dynamical algorithm allows for the potential applications and extension of the present method to other models, possibly including, superconducting materials or solid state models with long lived spin states.
Appendix
In this appendix, we took four optional values of times (say, First, it is easy to see that the sum of all probabilities for all marked and unmarked states at any time in the absence of dissipation rates is equal to one, see Fig.2 . Also, from Figs.3, Fig.4, Fig.5 and the above tables, one can note that the sum of all probabilities in the presence of dissipation at different times are gradually decreased than one, and reaches almost zero at high values of dissipation rates.
Second, from Tables (2-11) , one observes and distinguishes between different values of times for the probabilities of each marked state at weak values of the dissipation rates. Moreover, we observe for times t N p , and a weak dissipation, that the probabilities of each marked states have 1.3810d, 1.2100d, 1.2100d, 2.3780d, 1.3000d, 1.1530d, 1.0730d, 9.7000c, 1.1890d, 2.1460d, 1.8450d, 1.0730d, 9.7000c, 9.6500c, 1.5220d, 1.2100d, 1.0730d, 1.0600d, 9.6500c, 1.0880d, 9.7700c, 9.7000c, 9.0100c, 1.0600d, 9.6500c, 9.6200c, 1.6820d, 9.6500c, 9.0400c, 9.0900c, 8.3300c
1.3690d, 1.1560d, 1.0890d, 3.2400c, 1.1560d, 9.6100c, 9.6100c, 7.8400c, 1.0890d, 3.6100c, 4.0000c, 9.0000c, 7.2900c, 6.7600c, 2.2500c, 1.1560d, 9.6100c, 9.0000c, 7.2900c, 9.6100c, 7.8400c, 7.2900c, 5.7600c, 9.0000c, 6.7600c, 6.7600c, higher probabilities than any marked state probabilities through other times. Further increasing of γ i and for different values of times, one can not distinguish the probabilities of some marked states for the different number of qubits, where some of un-marked states due to the influence of large dissipation exchange their values either increase or decrease the probabilities of marked states. Moreover, if dissipation rates are taken to be γ i = λθ N , i = 1, 2, ..., N , one determines and observes at different times the probabilities of some marked states for different values of the number of N . However, when γ i > λθ N , we can not distinguish any marked states where very small values for the probability of marked state is shown. Which means that both marked and un-marked states have the same chance to contribute. One concludes that at γ i > λθ N , the system is destroyed completely as well as it can not search for any desired state whatever the number of qubits. It is interesting to discuss the influence of large values of dissipation on the probabilities of marked states at these optional times in the following scenario: Through the optional times 0.331π 2 N λθ N and the number of qubits up to N = 5, we can not distinguish and observe the probability of any marked state for any number of qubits except the probabilities of marked states of the kind q 2 = {gg, eg, ge}, q 3 = {ggg, egg, geg, gge}, q 4 = {gggg, eggg, gegg, ggeg, ggge} and q 5 = {ggggg, egggg, geggg, ggegg, gggeg, gggge}. As for the case of N ≥ 6, we can not distinguish the probabilities of any marked states, where the probabilities of un-marked states show larger values compared with the probability of marked state which shows a small values.
At times 0.566π 2 N λθ N , one distinguishes the probability of marked state for 2−, 3− and 4−qubit but for 5-qubit one can not distinguish the probabilities of any marked states except the marked states which are of the kind q 5 one can distinguish the probabilities for it. While through this time when N ≥ 6, we can not distinguish and determine the probability of any marked state, where both marked and un-marked states have the same chance to contribute in the search.
Also, at times t N p , we distinguish the probability of any marked state for different number of qubits until N = 5 except the probabilities of the marked states |eeee and |eeeee . For N = 6, one can not observe and determine the probability of any marked state except the marked states of the kind q 6 = {gggggg, eggggg, gegggg, ggeggg, gggegg, ggggeg, ggggge}, where the value of any marked state probability for this kind is distinguished and shows small value and larger than the probabilities of the remaining states. However, we expect through these times for N > 6 that one can not distinguish and determine the probability of any marked state.
Finally, at times π 2 N λθ N , it is shown that the probability of any marked state for the different number of qubits until N = 4 can be distinguished. As for 5-qubit and 6-qubit, we can not distinguish the probability of some marked state, see Tables (9, 11) , except the marked states of the kind q 5 and q 6 . After that, through these times, one can not observe the probabilities of any marked states at N = 7 and more. Consequently, through the large dissipation values, most marked states are distinguished through the optional times t N p for the different number of qubits. As a result, one can distinguish and observe, at large values of dissipation, the probabilities of many different marked states for multi qubits at different values of times. These observations give an advantage of using the dynamical quantum search algorithm with the dissipation are other quantum search algorithms.
